The long-puzzling, unphysical result that linear stability analyses lead to no transition in pipe flow, even at infinite Reynolds number, is ascribed to the use of stick boundary conditions, because they ignore the amplitude variations associated with the roughness of the wall. Once that length scale is introduced (here, crudely, through a corrugated pipe), linear stability analyses lead to stable vortex formation at low Reynolds number above a finite amplitude of the corrugation and unsteady flow at a higher Reynolds number, where indications are that the vortex dislodges. Remarkably, extrapolation to infinite Reynolds number of both of these transitions leads to a finite and nearly identical value of the amplitude, implying that below this amplitude, the vortex cannot form because the wall is too smooth and, hence, stick boundary results prevail.
T
his work explores the effect of wall roughness on the long known contradiction between the linear stability analysis result of infinitely stable flow in pipes with smooth boundaries and the experimental observation (1) that flows become unstable at a Reynolds number of Ϸ2,000 for ordinary pipes (2) (3) (4) . A hint that wall roughness may be important can be gathered from experiments which show that for smoothed pipes, the onset of the instability can greatly exceed 2,000 (5) . The present work should serve as a general warning that stick boundary conditions-for example, in narrow biological channels where the surface roughness of the wall can be a significant fraction of the channel width, or, as another example, in the drag reduction problem-may be inappropriate. For the smooth-wall case, there exists a rigorous proof of stability for axisymmetric disturbances (6) and strong evidence (cf. refs. 7 and 8) that all linear perturbations decay for all values of the Reynolds number and axial and azimuthal wavenumbers. Thus, there remains much interest in the cause of this transition and how one may affect the Reynolds number at which transition occurs.
Most previous flow field calculations in modified channels (9-15) deal with heat and mass transfer augmentation, whereas stability calculations have mostly concentrated on flow between two infinite plates with varying cross-sections (16) (17) (18) (19) (20) (21) . In the recent linear stability work (21) for the modified parallel plate case, sinuous and square wave wall distortions are considered, with results showing that the base flow is significantly destabilized with respect to the smooth-wall case, and that the critical Reynolds number is only slightly affected by the shape of the wall distortions. However, as opposed to the pipe, the parallel plate configuration with constant cross-section leads to a finite Reynolds number instability. The primary focus of this work is to show that wall topography significantly alters the linear stability condition and to show that there may be a wall amplitude below which linear stability analysis gives results similar to those of the smooth-wall case. To date, the only previous linear stability work on wavy pipes is for a very restricted range of parameters (22) not including the small-amplitude case of interest here.
The flow of an isothermal constant property incompressible fluid in a corrugated pipe is governed by the Navier-Stokes equations (i.e., conservation of mass and linear momentum) which are made dimensionless by scaling the radial and axial directions by the mean radius (R ) and corrugation wavelength (⌳), respectively, while time, pressure, and velocity are scaled using the density (), R , and a characteristic axial velocity (V z ϭ [(⌫)/(␤)] 1/3 ), where ⌫ is the mean axial pressure gradient used to drive the flow, ϭ / is the kinematic viscosity, is the dynamic viscosity, and ␤ ϭ R /⌳ is the aspect ratio. A linear decomposition is used for the pressure P(R, Z) ϭ P(R, Z) Ϫ ⌫Z, where P is axially periodic with the imposed corrugation wavelength. This decomposition has previously been used for the case of pressure-driven flow in a grooved channel and constricted pipe (12, 16, 22) and is consistent with axial periodicity of the velocity, as only the gradient of the pressure enters into the problem. The dimensionless wall radius is given by r w (z) ϭ 1 Ϫ cos(2z), where is the dimensionless amplitude of the wall corrugation. Given the nondimensionalization above, the flow is driven by specifying the dimensionless mean axial pressure gradient
2 )] 1/3 . The base flow is steady, axisymmetric, and axially periodic with the imposed corrugation wavelength and has no azimuthal velocity component. The boundary conditions are no slip on the pipe wall and boundedness at the centerline. The quadratically nonlinear system of differential equations governing the base flow is solved numerically using finite-element methods (23) . A consistent penalty method is used to satisfy incompressibility, while quadrilateral elements (using an isoparametric mapping) with quadratic velocity and discontinuous linear pressure interpolation (cf. refs. 24 and 25) and 5 ϫ 5 Gaussian quadrature are used for numerical integration. Discretization of the equations leads to a quadratically nonlinear algebraic system of equations which is solved by Newton iteration, where solutions at each Reynolds number are used as the initial iterate for the next highest value (i.e., zeroth order continuation). For regions of parameter space in which the use of zeroth order continuation is unable to converge to a solution, first order continuation (23) is used. To validate the base flow code, comparison was made to previous numerical results (9, 14, 15, 22) , where authors have shown that the higher the wall corrugation amplitude, the earlier the vortex formation in the bulge region, that the vortex initially forms on the upstream portion of the bulge region, and that as the Reynolds number increases, the vortex core migrates toward the downstream boundary of the bulge region. These features of the base flow are consistent with the current results (see Fig.  1 ), and furthermore, the axisymmetric and axially invariant unidirectional solution of circular Poiseuille flow is recovered for the limiting case of no corrugation (i.e., ϭ 0).
To investigate the linear stability of the base flow, a standard normal mode analysis (20, 21) is used which results in a system of homogeneous linear differential equations in the radial and axial coordinate for the velocity and pressure eigenfunctions. The disturbance velocity boundary conditions are zero on the pipe wall and again boundedness at the centerline. Since the coefficients of this system are 2-periodic in the axial direction, Floquet theory (20, 21, 26 ) is used to consider disturbances whose structure is independent of the corrugation wavelength. Thus, in the computations, the velocity and pressure eigenfunctions have the form exp(t ϩ ikZ ϩ im) f (R, Z), where f (R, The authors declare no conflict of interest. § To whom correspondence should be addressed. E-mail: alder1@llnl.gov. Z) is 2-periodic in Z, the temporal eigenvalue ϭ r ϩ i i is complex, the disturbance axial wavenumber k is taken to be real, the azimuthal wavenumber m is taken to be an integer, and is the azimuthal coordinate. Discretization of the disturbance equations using finite-element methods (see the above base flow discussion) leads to a sparse generalized algebraic eigenvalue problem, where for fixed ␤, , and m a minimum Reynolds number is sought for which at least one temporal eigenvalue has r ϭ 0 for some k, and all other values of lie in the left half-plane for all k. The analysis is restricted to positive m and k without loss of generality, while the method used to locate critical values has been validated in previous work (27) .
The current results of flow in a wavy pipe driven by an axial pressure gradient are given in terms of the aspect ratio (␤) which is used to vary the corrugation wavelength, the corrugation amplitude (), and a Reynolds number [Re ϭ (V z R )/] based on the mean pipe radius and the mean axial velocity evaluated at the wall corrugation minimum (i.e., z ϭ 0). The case of ␤ ϭ 1 is considered for simplicity, and a cursory investigation into the effects of nonaxisymmetric disturbances is performed to show that in the limit of small , only m ϭ 0 (i.e., axisymmetric disturbances) needs to be considered.
For this case, results show that for fixed and small Re, the base flow is primarily unidirectional with significant streamline curvature seen only near the bulge and no vortex present in the domain (as opposed to the higher Re results shown in Fig. 1) . As shown by the dashed curve in Fig. 2 , for sufficiently large Reynolds number, the onset of vortex formation is observed in the bulge region; however, the flow is stable according to linear stability analysis both above and below this Reynolds number. There are various methods available to decide when a vortex is present (cf. ref. 28); however, only the simplest method available-namely, looking for negative axial velocity in the bulge region-has been employed. Because this method is slightly grid-dependent and one must set a threshold value (ideally set to machine precision but in the current study set to 10 Ϫ10 ), grid convergence studies have been performed for each geometry in an attempt to get fairly grid-independent values. Although separation in the bulge region is not the primary focus of the present work, results seem to suggest the existence of a critical amplitude below which no vortex forms in the bulge region. If the Reynolds number is increased beyond this first transition, a value of Re is reached at which the steady and axisymmetric bulge vortex flow transitions to an unsteady flow ( i 0) with different axial wavenumber than the wall corrugation wavenumber of 2 as shown in Fig. 3 . There are no critical disturbances for which k ϭ 0; however, for large enough corrugation amplitude, there is a value of Re for which the base flow becomes unstable to k ϭ 0 disturbances, but this value does not represent the global minimum. Furthermore, as decreases, the critical axial wavenumber seems to be decreasing toward the corrugation wavenumber (2), as expected (see Fig. 3 ).
Because we are primarily interested in the small amplitude limit, we have only performed a cursory investigation into the effects of nonaxisymmetric disturbances (i.e., m 0) to show that only axisymmetric disturbances need be considered in this limit. Thus, results show that the critical azimuthal wavenumber depends strongly on the value of and that m crit ϭ 2 for 0.16 Յ Յ 0.2, m crit ϭ 1 for 0.1 Ͻ Ͻ 0.16, and m crit ϭ 0 for Յ 0.1. For example, for ϭ 0.2 the difference between the second transition Reynolds number (i.e., Re crit ) for m ϭ 2 and m ϭ 0 is Ϸ14%.
As shown in Fig. 2 , the critical Reynolds number is a very strong function of , increasing rapidly with decreasing amplitude and suggesting the presence of a nonzero value of below which the base flow is linearly stable for all Reynolds numbers. As can be seen in Fig. 4 , for small corrugation amplitudes, 1/Re crit varies nearly linearly with . Extrapolation of a linear leastsquares fit to the dependence of 1/Re crit for the four and five smallest values of for which the critical Reynolds number was computed gives * Ϸ 0.006, while extrapolation by quadratic least-squares for the four and five smallest values of gives * Ϸ 0.005. On the other hand, extrapolation of a nonlinear leastsquares fit of the form Re ϭ a( Ϫ *) b to all of the data gives * Ϸ 0.006, where the exponent b is approximately Ϫ1. We note that varying which subset of points is used in the extrapolation does not significantly change the linear and quadratic results, although for the nonlinear fit, one does see some variation. In summary, these results suggest that for the rather large wall distortion (having a wavelength of the same order as the pipe diameter) investigated so far, the critical amplitude below which the base flow is linearly stable is somewhere around 0.006. Thus, below this amplitude, the current linear stability results are consistent with those for a smooth-walled pipe, where the flow is also linearly stable for all Reynolds numbers. This critical amplitude also seems to be close or nearly identical to the value below which no vortex forms in the bulge region at low Reynolds number. This suggests that the instability is directly tied to the formation of a vortex in the bulge region and that when the vortex cannot form, the flow is stable to infinitesimal disturbances, but that when it does form, the cause of the instability is likely to be vortex separation. In an attempt to understand the cause of the instability, critical conditions are recomputed after eliminating terms from the disturbance equations, and results show that fluctuations in the radial velocity component created as a result of the coupling between the radial derivative of the base flow axial velocity component and the radial perturbation velocity component lead to significant destabilization. 
